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Abstract 

The general solution to the quantum master equation (and its Sp(2) symmetric counterpart) is constructed 
explicitly in case of finite number of variables. It is shown that the finite-dimensional solution is physically 
trivial and thus can not be extended directly to cover the case of a local field theory. In this way we conclude 
that the locality condition plays an important role by making it possible to obtain nontrivial physical results 
when quantizing gauge field theories on the basis of field-antifield formalism. 
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1 Introduction 

When quantizing gauge theories directly within Lagrangian formalism Q] - || one usually proceeds by 
solving the quantum master equation 

Ae* s = (1.1) 

or its Sp(2) counterparts || - || 

A Q e^ s = 0, a =1,2, (1.2) 
where A and A a are Fermionic nilpotent operators: 

A 2 = 0, A a A b + A 6 A a = 0. (1.3) 
The operators A and A a are local second-order differential operators of the following characteristic structure: 

dx(-\Y A - I?—-- 5 , - . (1.4) 

When studying various properties of solutions to the quantum master equation (arbitrariness of a solution, 
gauge independence and reparametrization invariance of physical quantities, structure of renormalization) 
one considers the matter in the same manner as if one dealt with the theory of finite number of variables, in 
which the operator A were of the form 

N 8 8 

A -p-^«p«5' (L5) 

A=l A 

However, when extending the results, obtained in a finite-dimensional case, to a local field theory, one should 
be very careful (for a review of some results on local gauge field theory see refs. |u|, |ll| and references 
therein). This is because of the fact that various transformations like a change of integration variables 
or an inversion of matrices (operators), which are sensible in a finite-dimensional case, may appear to be 
inadmissible when extending them to the case of a local field theory. 

For example, in the case of a system with finite number of Bosonic variables, the actions 

S = h A A AB $ B (1.6) 

with a positive-defined matrix A-ab are equivalent (up to an improper change of variables) to the following 
canonical action 



S=-J2^ A ^ A - (1-7) 
2 A 

At the same time, within a local field theory, the actions 

Si = \ j dx(d^ A d^ A - m 2 t $ A <Z> A ), i = 1, 2, (1.8) 

are nonequivalent for mi ^ TO2. 

Another example is as follows. One should frequently deal with classes of functions determined modulo 
contributions vanishing at the extremals. In a theory with finite number of variables, governed by the action 
(1.6), the only representatives of the mentioned classes are constants. On the other hand, in a local field 



theory with the action (1.8), nontrivial classes certainly do exist with the representatives / dxF(Q, d^Q). 



In the present work we find the general solution to the equations 

AAT = and A a X = 0, (1.9) 

and also 

Ae* s = and A a e* s = 0, (1.10) 
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for some operators A and A a , in case of finite number of variables. F rom the fi eld t heory point of view, it 
appears in all the cases considered that the solutions to the equations (1.9) and ( 1.10 ) are physically trivial. 
Thus the results obtained, which are apparently interesting even by themselves, show actually the importance 
of the locality condition in quantum field theory. It becomes quite clear that the locality condition is, in fact, 
the only requirement which allows one to obtain physically nontrivial results within the formalism based on 
the quantum master equation. 

All the equations under consideration are solved in terms of formal power series expansions with respect 
to all variables the functions X and S depend on, and also with respect to the Planck constant entering the 
S as well. 



2 Equation AX = 0. 

Let us denote <& A — (it\£ Q ), where u l ,i — l,...,n + and £",a = l,...,n_ are Bosonic and Fcrmionic 
variables, respectively. In this notation the operator A takes the form 

/ dddddd„n„ ,„ . 

A = ( — '\Y A = A = (2 1) 

v ; d<P A d<S>* A du l du* d£ a d& ' v ' ' 

where the variables u* (£*) are Fermionic (Bosonic). 
To construct the general solution to the equation 



let us introduce the operator F, 



AX = 0, (2.2) 
-l)^$^^X-a- (2-3) 



with the properties 

TA + Ar = iV, r 2 = 0, [A, AT] = [r, N] — 0, (2.4) 

A "4 + 4 + (-4"4)' »=»++»- («> 



Let us apply the operator N to X, and then make use of the equation (2.2): 

NX = ATX. (2.6) 
If the operator TV can be inverted, then the function X can be represented in the form 

X = AY., Y = YN~ X X. (2.7) 



Since every Fermionic variable can enter X at most linearly, it follows from the representation fl2.q ) for iV 
that NX can vanish iff X does not depend on Bosonic variables, while the dependence on Fermionic variables 
comes only from their complete product. Thus the general solution to the equation (|]^) can be represented 
in the form: 

X = AY + cl[u*l[C, (2.8) 

i Q£ 

where Y is an arbitrary function, and c is an arbitrary constant. It is of the most importance that the 
second term in r.h.s. in (2.8) cannot be represented in the form AZ. Indeed, otherwise Z would contain 
n + 1 Fermionic co-multipliers, which situation would be a contradiction. In other words one can say that 
the expression (2.£) describes the cohomology group of the operator A as acting on the space of formal 
power series expansions with respect to all variables. The representation (2.5) was independently obtained 
by K.Bering [§Jj. 
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Let us assume, in analogy with field theory, that original set of variables <& is split into two subsets: 
$ = (95, c), or u = c^), £ = ((p£,Cu), and the following ghost number values are assigned to all the 
variables 

gh(^«) = gh(^) = 0, ghfo) = gh(c„) = 1, gh($*) = -gh($) - 1. (2.9) 

Then we have 

gh fn<n^ a J = n ^ - n ^ - 2n c;- ( 2 -io) 

In "physical" situation n Cu < n Vu — n v * , so that gh(n u *n£ Q ) < and thus, in the zero ghost number 



sector, the general solution to the equation (2.2) has the form 



X = AY, gh(X)=0, (2.11) 

which is physically trivial. 

An analogous consideration shows that the general solution to the equation 

AiJf = 0, Ai=T, (2.12) 

has the form 

X = A 1 Y + cl[u*l[e (2.13) 

i ot 

3 Equation A a X = 0. 

Let 6n be a total number of variables which are, in their own turn, split into three subsets as follows 
<£> A — (u l , £ a ), i = l,...,n + , a = l,...,n_, n+ + n-=n, 

e($ A ) = e($ A ) = e A , e($* Aa ) = e A + 1. 
Operators A a have the form 

d d d d d d d d d 



and, thus, are nilpotent 



£ ba = _ £ ab ; £ 12 = _ 1> 



A a A b + A b A a = 0, e(A a ) = l. (3.3) 



These operators determine the quantum master equation in Sp(2) symmetric formulation of gauge theories. 
To solve the equation 

A a X = (3.4) 

let us introduce the operators T a (8), 

r o (0) = e A v Aa , v Aa = (-iy*(<s> Aa $ A + eac $ A ^jL), (3.5) 
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e ab e bc = S c a , e(6 A ) = 
(there is no summation over A when defining Tau)- The operators T a (0) are nilpotent 

r a (#i)r b (# 2 ) + r 6 (fl a )r 8 (fli) = o. (3.6) 

Also, the following relations hold 

A a T b {9)+T b {9)A a = 6%N{6), 

[iV(0),A a ] = [N(0),T a (0i)] = [N(e),N(9 1 )]=0, (3.7) 
N(6) = 9 A N Al Ni = l + n u i - n u ^ - h u * 2 -h ni , N a = l + + ng* 2 + % a - , 

where n u i = u^dldu 1 and so on. Let us apply the operator N 2 (9) to the function X, and then make use of 
the equation (3.4) 



N 2 (6)X = A 2 A 1 T 1 {9)r 2 (9)X. (3.8) 

If the operator N 2 (9) can be inverted for some choice of parameters A , then X can be represented in the 
form 

X = A 2 A 1 Y = ^e ab A b A a Y, Y = T 1 {9)T 2 {9)N- 2 {9)X. (3.9) 
The operator N 2 (9) is noninvertible if X satisfies the equations 

N A X = 0, VA (3.10) 
Thus the general solution to the equations (|3.4[) can be represented in the form 



X = A 2 A 1 Y + X B Q, Q = J[C, (3.H) 
where Xb depends only on the variables u l , u* a , Ui, and satisfies the equations 



A a B X B = 0, (1 + h ui )X B = (ft*. + h <2 + n ai )X B , (3.12) 

d d d 

— d a = e ac u* — 

du*duV lc du t 



\a _ \ a | m a a _ ^ _ ja _ ac * 



(recall that u l ,Ui and u* a are Bosonic and Fermionic variables, respectively). Let us expand X B in power 
series in u* a : 

2n + 

X B =^X {k \ C^n^jX^ = kX {k \ (3.13) 

fc=0 i,a 

It follows that X^ satisfies the equation 

A%X^ = 0. (3.14) 
It is shown in Appendix that the general solution to the equation 

A a B Z = (3.15) 

can be represented in the form 

Z = A%A B Z> + £ Q^..^ * * Ql * * ft, (3.16) 



77,1+712 <n 



+ 



du ti "' du t ni i du n2 "' du t 2 2 



d d 

-j— r ' j , = -j^ r > = °. <9i = n<i' ^ = n<2, 



where coefficients C^,,^ are antisymmetric under permutation of any two neighboring indices. Thus we 
have 



and Xg rewrites in the form 



2n + 

x s = A|A^ 2 > + £xf\ 

fc=l 

& a B x[ l) = o, xf 5 = A|A^r( 3 ) 

2n + 

x B = A|Ai J (y( 2 ) + y( 3 )) + ^x 



0) 

2 ' 



fe=2 



Continuing this process, we obtain 



(3.17) 



(3.18) 



x B = A|A^(5: yW)+ £ iW 



fe=2 



A|x£+> = 0. 



The general solution to the equation (3.19)) is the following 



(3.19) 



= A|A^y(»++ 2 ) + ^ a m (u) £il . 



.i m i m |l . . .2 







m=0 



- "+ du* i±1 du* ml du\ ' 2 du 



-Q2, (3.20) 



i nj 2 



here £i 1 ...i„ + is a totally antisymmetric constant tensor, and £i 2 .,. n+ — 1- The second equation in (3.12) 
yields 



_d_ 



n m (u) = 0, a m = const. 



Thus we get 



(3.21) 



n++2 

X B = A%KUY, Yik) ) 

k=2 



m=0 



ill »ml i m + l2 i„ + 2 fe= ra+ +l 



A B A n+ + l - U - 



n_i_ — 1 



9 d d 

-Qi- 



(3.22) 



m=0 



Now, the second of the equations ( 3.1 2| ) yields 



%\...i n , _i 



(3.23) 



Continuing this process, we obtain finally 
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«+ 



X B = A 2 B A B Y + ]T a m F„ 



(3.24) 



m=0 



F m = e 



+ <9w* , du 



3 o, 3 



-Q 2 



Then we find for X 



X = h 2 K 1 Y +Y j a m F m Q- 



(3.25) 



m=0 



Let us show that the second term in (3.25) represents nontrivial " cohomologies" of the operators A a in 
the sense that there is no combination of functions F m Q, which can be represented in the form A 2 A 1 Z.|] It 
is easy to see that the relation 



J2 a mF m Q = A 2 A X Z 



implies 



First of all, let us show the relation 



m=0 



71+ 



— ^ B A B Z B . 



m=0 



cQi = A 2 B A B Z Bl c = const, 
to imply c = 0. Let us write down explicitly the operator A^A^ taken at u* 2 = 0: 



d I „ d d d d d \ 



A%A B Z B \ U _„ - —— I 



(3.26) 



(3.27) 



(3.28) 



(3.29) 



Thus we see that r.h.s. of the relation ( [3.28] ) for u* 2 = can not contain complete product of the variables 
u*!, which fact, in its own turn, implies c = 0. 
Next, let us introduce the operator 



L = < x 



d 
du 



(3.30) 



i:2 



We shall make use of the following its properties 



[L,A%A B } = 0, 

L m F m = (-l) m C n +- 1 )m!Qi, 

L m F k = 0, fc < m. 



By applying the operator L n+ to the relation (3.27), we get 



n + !a n+ Q! = A B A L B (L n +Z B 



(3.31) 



(3.32) 



1 Of course, one can represent the functions F m Q in the form 

F m Q = A 1 Z^ = h 2 Z {2 \ 0<m< 
F Q = A 1 Z< 1) , F n Q = A 2 Z (2) . 



8 



so that a n+ = 0. In the same way, applying the operator L n + 1 to the relation (3.27), we get o n+ _i = 0, 



and so on. Finally, we conclude that the relation (3.27) can be fulfilled iff 



a rn = 0, Vm. (3.33) 
So, the general solution to the equation (3.4) is given by the expression (3.25|), where the second term in 



r.h.s. of (3.25) represents "nontrivial common cohomologies" of the operators A°. 

In physical applications, the variables $ are split into the subsets $ = (ip, c a ,B), so that 



u = (<p u ,c1,B u ), £= (<p s ,c%,B € ), 
u=(<p u ,c%,B u ), f = (^,c^,S ? ), 

u a ~ \Yuai c £b\ai D ua)i Sa — KY^ai c ub\ai D ia)i 

Qi = n <i n ^ = n n n ^ 

The following new ghost number (ngh) values are assigned to all the variables 



(3.34) 



ngh(^)=0, ngh(c Q ) = l, n gh(B) = 2, 
ngh($*) = -ngh($) - 1, ngh(#) = -ngh($) - 2. 



Then 



(3.35) 



ngh(F ro Q) = ngh(QiQ) 



i Vu — 4n c i — 3ns u + 2n c i + 2ns ( 



Ub u - 2n B , < 0, 



(3.36) 



where we have taken into account that 



the equation (3.4) has only trivial solutions 

X = A 2 A}Y, ngh(X) = 0. 



n c i = ns u , n c i = jib £ . Thus, in the zero new ghost number sector, 



(3.37) 



4 Equation Ae^ s = 



In this Section we consider the quantum master equation 



Aefi 



77 S 



0, e(S) = 0, 



(4.1) 



with the operator A defined by the formula (2.1). Of course, if one solves this equation for the exponential 
in terms of formal power series expansions, then the general solution is given by the formula (2.5), X = 
exp(iS/h). If, however, one requires the function S itself to expand in formal power series not only with 
respect to the variables, but also with respect to the Planck constant h, under the extra condition that 
the classical limit of S at h — > does not v anish, then the general solution appears to be of quite different 
structure. Let us rewrite the equation (4.1) in the following equivalent form 



■{S,S) = ihAS, 



where (F, G) denotes the antibracket 



(F,G) = F 

Let us expand S in formal power series in Ti: 



_d d_ 

d<Z> A d¥* 



G — F 



_d d_ 



G. 



(4.2) 



(4.3) 
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S = Y, hks(k) - ( 4 - 4 ) 

k=0 

Then it follows that satisfies the classical master equation 

{S ( -°\S^)=0. (4.5) 

Let us solve this equation in terms of formal power series expansions with respect to the variables. Without 

any lost of generality one can assume that the expansion of S^ ' begins with the contribution quadratic in 
the variables: 



S(°>=£^ 0) , ^ 0) ~ £ 0(*'(*T). (4.6) 



j(0) o(0) 
'k ' °k 
k=2 l+m=k 



In its own turn, the lowest order, > a lso satisfies the master equation 

(Sf,sf)=0. (4.7) 
Let us denote r] = (w A ;w^), w A = (u^-f*), = «;£ Q ), £(w A ) = 0, e(w^) = 1, A = 1, . . . ,n. Then the 



equation (4.7) takes the form 



dsj 0) ggf 
8uj a du* A 

The function has the following general structure 



(4.8) 



= \u A L AB u B + lu* A M AB u* B , i 4.!) ) 



where Lab is a symmetric matrix, while M AB is an antisymmetric one. Let O a be an orthogonal matrix 
diagonalizig the matrix L AB : 

O c A O^L CD = S AB l B = Sab<bX%, (4.10) 

where C, B = ±1 ,0. Let us perform an anticanonical (AC) transformation (i.e. the one preserving the 
antibracket (|4.3| )) such that 

lo a = A h- 1B J c , u\=0 B A K c B ^, K A B =5 A \ B . (4.11) 
In new variables (we omit primes), the action S% takes the form 

S { 2 ] = \x%x* + \x*B^x* + x*C* a y* a + \y* a D a %, (4.12) 

where ui A = (a; 4 ,?/ Q ); variables x l and y a correspond to Q — ±1 and Q a — 0, respectively. By re-enumerating 
the variables (which is also an AC transformation), one can place the values of Q to take the standard order 

Q = 1, i = l,...,m+, d = —I, i = m_|_ + 1, . . . , m_|_ + m_. (4-13) 
Let us substitute the expression (4.12) for S% into the master equation ( |4.8| ): 

x i C i B^x*+x i C i C ia y* a = Q, (4.14) 

which yields 

Further, let us restrict ourselves by considering the (physically interesting) case of proper solutions (this 
means that the Hessian of the function has the rank n). For such solutions, the (antisymmetric) matrix 
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D a/3 is invertible, and, thus, it can be transformed to take the standard Jordan form, with the help of an 
orthogonal transformation. Then, by making use of an AC transformation nontrivial only in the y a ,y^ 
sector, the action reduces to take the following canonical form 

S$l = \x\ix* + \yls a %, (4.16) 

where e a/3 is a matrix whose Jordan form consists of the 2 x 2- Jordan blocks equal to ia 2 . 

Let us call two functions F(r]) and G{rj) AC equivalent, if they are connected with each other by an AC 
transformation: G(r)) — F(r ]'(r))), 77 — > 77' is AC transformation. Then one can say th at th e general solution 



to the master equation ( |4.8|) is AC equivalent to the canonical solution of the form ( 4.16 ) characterized by 
the pair of negative numbers m+, m_, m+ + m_ < n . 

Let us turn to solving the master equation (|t.5|) to higher orders. We suppose that one has already 
applied the anticanonical transformation reducing the to the canonical form (4.16). Then we get the 
following equation for 

7 sf } = 0, (4.17) 

i = x l C — ~v*e at3 — t 2 = 
7 x(, t y a e gy0 , 7 u, 



Introduce the operator d, 



with the properties 



d = xK~-y a e a(3 ^, e a ^ = 5l, (4.18) 



d* = 0, ^ + ld = X ^ + y^ + X t^ + y* a ^N, (4.19) 
[N,d\ = [N, 7 ] = 0. 

By making use of the standard reasoning analogous to the one given in Section 2, we find that the general 
solution to the equation 

7A = (4.20) 

has the form 

X = 7Y + c, c = const. (4.21) 
Now, returning to the equation (4.17), we conclude that the can be represented in the form 



si 0) = 7 Y 3 = -(Y 3 ,S^ c ), e(Y 3 ) = l. (4.22) 
Let us introduce the function S'(°) AC equivalent to the one 

5/(0) = e *S S (.o) ) fF ee (Y,F). (4.23) 
Then the S'^ expands in power series with respect to the variables ry, in the form 

s m = s (o) + s m + 0(7?5)) (4 24) 



and 5*4 °' ) satisfies the equation 



7 ST=0, S'r = 7 n = -(l4,^°i). (4.25) 
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Continuing this process, we conclude that the general proper solution to the classical master equation ( fL5| ) 
is AC equivalent to the S%1 : 

s (0) =e Y^ s (0) i e( y(0) ) = 1 . (4 .2 6) 

Before we turn to the quantum master equation, let us introduce the operators we call " gauge transfor- 
mations" (G transformations) 



K = e [A < z] + = efe^, s(Z) = 1, (4.27) 
D{r)) 

We shall make use of the following properties of G transformations. 
Given the function S(rj,Ti), let us construct the following S'{rj,Ti): 

e %s'(vfi) = e {A,z] +e %s( v ,h)_ ( 4 28 ) 

Then we have 



S'W ( V ) = S'(r), 0) = e~ m S( V , 0) = e~ m S<°> fa) (4.29) 

Besides, being applied successively, the G transformations result in complete G transformation, again. 

To construct a solution to the quantum master equation (4.1), let us apply the following G transformation 
to the action S: 

e iS' = e [A,r<°>] +e |S (43Q) 

Then S'^ = S^l, and, by making use of the property AS^l = 0, we find: 

7 s'« = o, 5 / «= 7 y« + c( 1 ) = -(y« ) ^° c ) ) + c ( 1 ). (4.3i) 

Let us introduce the action S", 

ei s " = e -MA,^] e |s'_ (432) 

whose ?i-power series expansion is 

S" = 4°c + ftc (1) + tfS" {2) + 0(h 3 ). (4.33) 
It follows from the quantum master equation ( |4.l|) that 

7^" (2) =0, S"^ = 7 F( 2 )+ C ( 2 ) =-(F(2) i ^)) +c (2). (4.34) 
Continuing this process, we conclude that the general proper solution to the quantum master equation 



l|) is a result of a G transformation applied to the S 2 



(o). 



e -s = e [A,y] +e -(5<°) + c\ (4.35) 

Would an analogous result be valid in field theory, this would imply physical triviality of all the field- 
theoretic models. The locality condition is the only one which causes the existence of physically nontrivial 
nonequivalent theories. 
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5 Equation A^e^ 5 = 

To begin with, let us make a few preliminary remarks. We suppose that the variables are split into the 
following subsets 

<J> = (/,c ab ,i? Q ), * = (<pi,c ab ,5 a ), K=(^o* ab{a ,B* aa ). (5.1) 



The new ghost number values are assigned to all the variables, in the same way as in Section 3, eqs (3.35). 
The group Sp(2) is supposed to act on the space of all variables (in fact, the Sp(2) applies to the indices 
a, b). The group is realized as a set of linear changes of variables. We assume that the variables <p, B, (p, B 
are Sp{2) scalars, the c a form doublet representations, the c a , (p*, B* a form antidoublet representations, and 
the Cji transform as a product of two antidoublets. 
The operators A^ have the form 

They are nilpotent 

AgA*+A*AJ[ = (5.3) 



and form an Sp(2) doublet. 

We will study the general solution to the equation 

A a h e* s = 0, (5.4) 

which appears naturally in Sp(2) symmetric formulation of quantized gauge theories, and which we will call 
Sp(2) quantum master equation (Sp(2) QME). 

Let us introduce the class of operators which we call gauge (G) transformations 

K = e he ab [Al[A^F]] + ^ (55) 

where F is an arbitrary function or differential operator. If F is an Sp{2) scalar, then K does the same. If 
ngh(-F) = —2, then ngh(K) = (in this case we say that the operator K preserves ngh). If S satisfies Sp(2) 
QME (U), then S' defined by the formula 

e^ s '=Ke^ s , (5.6) 

does the same. It is easy to check that G transformations applied successively result, again, in a complete 
G transformation. Besides, as it was shown in |13[ ], an arbitrary change of variables, $ — » = F($), can 
be extended to become a G transformation, in the following sense. Let us represent the F($) in the form 

F A ($)=/W^$' l i (5.7) 

with some functions f c (Q) (such a representation is always possible perturbatively with respect to the 
variables). Let us consider a G transformation of the form 

Kf = e fe«>l±llK,*Af A lU. (5.8) 

Then the relation holds 

K e |S(#,*:,*) = e i[S(F($),0,0)+O(7l)] ( 5 9 \ 
Moreover, if one deals with the linear change of variables 

f c m = fE® D , (5.io) 

then the operator Kf also reduces, in essential, to the linear transformation 
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S' = e u fS + h(-l) SA f£, (5.11) 
If the change $ — > is Sp(2) covariant and preserves ngh, then the operator Kj does the same. 



Now, let us turn to solving of the equation (5.4). We assume that the 5* is a Boson, e(S) — 0, preserves 
ngh: ngh(5) = 0, and is an Sp(2) scalar. Let us seek for a solution in terms of power series expansion with 
respect to the variables and Planck constant h as well: 



S = J2h k S ik) . (5.12) 



k=0 



The S (0) satisfies the Sp{2) master equation (Sp(2) ME) 



i(S<°\ S (0) ) a + e ac $* Ac ~S^ = 0, (5.13) 

d d d d 

(F, G) a = F g ^ A - F-^-^jG. 



Let us expand the in power series with respect to the variables 



oc 



s (o) = y s (o)^ 5 (o)^ rfe) (514) 



/ j u k ! u k 
k=2 

where V denotes complete set of variables. The 5*2 itself satisfies Sp(2) ME 

i(4 0) ,4 0) ) a +e^ c J-4 0) =0. (5.15) 
The general structure of S 1 ^, which preserves ngh and is an Sp(2) scalar, is given by the formula 

S< 0) = /AxjV + <p* Ja DL<r a + ViDl a B a + s ab c* abla D^. (5.16) 

With the help of a linear transformation of the variables ip , in the same way as described in Section 4, one 
can reduce the matrix D\ to take the standard form 

</ZW</' -» x l A' j x j , (5.17) 

where is diagonal in the sector of Bosonic variables, with to+ eigenvalues +1 and m_ eigenvalues — 1, 
and has the Jordan form in the sector of Fermionic variables, with m Jordan blocks ier 2 , p 1 = (a; 1 ,?/^), y M 
are variables complement to x l (the kernel of the matrix Di). As a linear transformation of the variables 
ip is extendable to become a linear transformation of all variables, which is, in turn, a G transformation 
preserving Sp(2) and ngh, we can suppose that we have it already applied, so that the takes the form 

Sf > = lx% jX i + x* a D\ a c aa + y; a D% a c aa + Xl Dl a B a + y,D» a B a - e ab c* aa{b D^. (5.18) 



By substituting the expression (5.18) into the Sp(2) ME (5.15), we get 



D{ a =0, D$ a = D^D^ (5.19) 

Note that the action S (S^) for (p = ip\ = satisfies the quantum master equation (master equation) in 
the variables tp, <p* , while for ip = ip* = the actions do the same in the variables ip, <p\ . In both cases we 
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suppose these solutions to be proper, which means that and D% a are square invertible matrices. The 
is of the form 

1 

TJ-' •><,•' • !l,,„"2-.< Tj; a " 4 ^ -re "aafi^f ^4f3 J 

Let us transform the action S by applying the G transformation corresponding to the following linear change 



Si 0) = -x%-a^ + yL^C 3 " + yMBf + e^.D^D^ . (5.20) 



c 



a = £>g,c?°, B a -> B' a = D%B fj , (5.21) 



which reduces the action S^ ' to take the canonical form 



S£l = + y* aa c aa + y a B a + s ab c* aalb B a . (5.22) 



The contribution S3 satisfies the equation 



(Sf.Sf) =rsi 0) =0, (5.23) 
7 Q 7 b + 7 b 7 a = 0. 



To construct a solution to the equation (5.23), let us introduce the operator-valued antidoublet d a , 
ngh(d Q ) = -1, 

d « = < A - lij £t - c- 1 ^^ ~ (-^^^ (5 ' 24) 

with the properties 

d a d b + d b d a = 0, d al b + -f b d a = 5 b a N, 

{N,d a } = [N,j a }=0, (5.25) 
i 3 a d aa d d „ <9 _ 9 

a^ + y a^ + c dB^ + Xta dxf a + 

where the operator N is an Sp(2) scalar. 
The general solution to the equation 

j a X = 0, ngh(X) = 0, (5.26) 

has the form 

1 



due to the relation 



X = ^e abl b ~f a Y + c, c = const, ngh(F) = -2, (5.27) 



N 2 X = je ab7 b j a e cd d d d c X. (5.28) 



Note that, being X an Sp(2) scalar, one can choose Y to do the same, as it follows from ( |5.28| ). 
Thus we have 



4 0) = ^abl b l a Y 3 = \e ab (Sf\ (sf ,r 3 ) a ) b , ngh(F 3 ) = -2, (5.29) 
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the I3 is Sp(2) scalar. Let us apply the following G transformation to S 

e ^s' = e -f £ „ l[ A',[A-,y,|] +e ^ i (5 30) 

Then the S"'- -' expands as 

s «o) = si 0) c +si 0) +0(T 5 ), 

= 0, (5.31) 

and so on. Thus, as a result of having applied a series of successive G transformations, the general solution 
S takes the form 

S = S 2,l + nsil) + (ft 2 )> 

= iA'Sg = 0, A- = (-1)- ^a-^T- (5-32) 



Continuing this reasoning, we conclude that the general solution to the Sp{2) QME (5.4), preserving 
Sp{2) and ngh, is G equivalent to the canonical solution 

e ts = e f e „ b [A l ,[A',y]] +e i(^+c) ) (5.33) 

where Y is an arbitrary function. 

So, one can say again that nontrivial physical result is possible in field theory only because of the locality 
condition. 
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Appendix 

In this Appendix we consider briefly how to construct the general solution to the equation 

A B A B = 0, (A.l) 
A B = ^^-, e(«)=0, e(«*) = l, i = l,...,n. 

In what follows we omit the subscript U B" . 

As a preliminary step, let us construct the general solution to the equation 

A 2 A 1 C/ = 0. (A.2) 
Let us expand U in power series with respect to u* a : 



U= U ™*> U m , k ~(ul) m (u;) k . (A.3) 

m,/c— 

It is obvious that each order contribution U m , n satisfies separately the equation flA.2| ): 

AWCVfc = 0. (A.4) 

Let m = k = n: 

U n ,n = c(u)<3iQ 2 , Ql=^Qw*, Q2 = ]^[lt2- (A.5) 
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The equation (A.4) yields 



c(u) — C + CiU 1 



(A.6) 



Now, let m or k (or both of them) be less than n. Let, for example, k < n. It follows from the results of 
Section 2 that 



A l U m>k = A 2 F m _i. fc+ i, A 2 A x y m _i )fc+ i = 

A 1 y m _ 1)fc+1 = A 2 r m _ 2 , fc+2 , A 2 A 1 r m _ 2 , fc+2 = o 



(A.7) 



A Y m ^i t k+i — A 2 y m _ ; _ l!fc+ ; +1 . 

Our further actions depend on which of the two equalities, m — / — l = 0orfc + / + l = rt, is first satisfied. 
Let m + k < n. Then , for I = m — 1 in (A.7), we get 



A 1 Yi i fc+ m -i = A Yb,fe+TO' 
It follows from the results of Section 2 that 



Y, 



which yields 



o. 



A (Yi t k+m-i ~ A 2 2'i i / C ^ 

y,fe+m-l = A Zi^+m ~ A ^2,<s+to-1i 
A 1 (l2,fe+m-2 — A 2 Z2,fc+ m -l) = 0, 



and so on. Finally, we obtain 



A 1 (J7 m> fe — A 2 Z„ l: k+i) — 0, 

U m ,k — A 2 Z mj fc+i + A 1 Z m +i j fe 



(this representation is also valid for m = n, k = 0). 

Let m + k > n. Then, for Z = n — fc — 1 in (A.7), we get 



A Yjyi-^-k+l — n^n—l — A Y m +k — n,ni A A Yfyi-if-k—n^n — 0, 

which yields 

A 1 F m+fe _„ >n = cK)Q 2 , c«) ~ (u;) m+ *- 1 - n . 
It is convenient to represent the coefficient function c(u*) in the form 

9 5 



c{u\) = C iu .. 



l 2rl -rn-k + l 



du* h j " du 



i2n-m-k+ll 



with C,!.., being totally antisymmetric in its indices. 
Let us introduce the following notations 



(A.8) 
(A.9) 



(A.10) 



(A.ll) 

(A.12) 
(A.13) 

(A.14) 



C(m)(fc) — C'i 1 ...i m j 1 ...j k , 



d 



d 



du* , du 



A 2 



Then 



c(u*) = C( 2 „_ m _ fe+1) (^— -) 



2n-m-fc+l, 



(A.15) 



(A.16) 
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The general solution to the equation ( A. 13 ) for Y m +k-n,n is 

Ym+k — n.n A 

Then we get for F TO+fe+ i_„ in _i 



m+k+l~n : n + U'Ci(2n-m-k)(-^—^) 2n ™ k+1 Q\Ql- 



d_ 



(A.17) 



1 2 ® 2 k ® 1 

A (i^m+fc+l-ri.Ti-l — A Z m+ k+l-n,n) = £lC(2n-m-fc)(l) (g^*) " " ^^^j*' (A. 18) 

Here £1 = ±1 is a sign factor which appears when commuting dfdu\ and u\. Its precise value is inessential 
to us. It follows from ( A. 18 ) that 



and so on. Finally, we obtain 



U m ,k = A 2 Z m k+i + A 1 Z m+ i k + u z C, 



(n-m)(n-k)\ g u * . 



where all sign factors are absorbed into C&n- m-k+ X) ■ 

Thus the general solution to the equation (A. 2) can be represented in the form 



m+k<n 1 2 



Now let us return to solving of the equation (A.l). Setting a = 1, we find 

X = A l U + c{u* 2 )Qx. 



The equation (A.l) at a = 2 yields 



A 2 A X U = 0. 



Substituting the expression ( |A.21|) for U into ( |A.22|) we obtain 



m+k<n 



i ® 2 k 1 ^ 1 

Ym+k+l-n,n-l = A Z m +fc+l-n,n — A Z m +fc+2-ri,n-l + £lU l Ci(2 n _ m -fc-l)(l) |t) ™ ™ ^(g - *) 

' M2 (A.19) 
(A.20) 



(A.21) 

(A.22) 
(A.23) 

(A.24) 



Let us show that the second term in r.h.s. of (A.24) cannot be represented in the form A A Z. Assume 



that 



(A.25) 



with some coefficients C7^ +k y Let mo be the maximal of m entering l.h.s. of (A.25). Introduce the operator 



L = u* n 



du* 



(A.26) 



with the properties 



[i,A a A 1 ] = 0, 



(A.27) 



9 >m-ln ® \k+l. 



By applying the operator L m ° to the relation ( A.25 ) we get 
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f) (_i \mo(n— 1) 



mo+/c<n 



TO ! 



(A.28) 



which implies C"^ +k) = for all k. Thus we conclude that the relation ( |A.25| ) can be fulfilled iff C7£ +k) = 
for all to, k. 
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